We discuss the relation between the no-cloning theorem from quantum information and the doubling procedure used in the formalism of thermofield dynamics (TFD). We also discuss how to apply the no-cloning theorem in the context of thermofield states defined in TFD. Consequences associated to mixed states, von Neumann entropy and thermofield vacuum are also addressed.
Introduction
In 1975, Takahashi and Umezawa 1 proposed a formalism based on operators called thermofield dynamics (TFD) in order to describe quantum field theory at finite temperature by means of a structure of Hilbert space. This approach was not totally new since a similar idea appeared in a paper by Araki and Woods, in 1963 , considering the case of a free boson gas 2 . Takahashi and Umezawa's approach is an alternative to the density operator formalism in quantum statistical mechanics proposed by Landau 3 and von Neumann 4,5 in 1925 and to the finite temperature quantum field theory proposed by Matsubara in 1955 6 . In fact, TFD is an operatoralgebraic approach to quantum statistical mechanics 7 and a real time formalism to finite temperature quantum field theory 8,9 .
The basic ingredients of TFD are the doubling of freedom degrees in the Hilbert space H which describes the physical system and the building of a finite temperature vacuum, called hereafter thermofield vacuum, by means of a Bogoliubov transformation realized in the zero temperature vacuum state defined into the Hilbert space H⊗H, also called Liouville space 11, 12 , where the spaceH is constructed by means of a tilde conjugation rule H →H 10 . This procedure is made in such a way that the expectation value of any operator from H in the thermofield vacuum coincides with the statistical mean value.
TFD approach has been largely applied in the study of finite temperature systems, from high energy physics 13, 14, 15, 16, 17 to quantum optics 18, 19, 20, 21, 22, 23 and condensed matter physics 24,25,26 , However, quantum information theory was not still explored in a TFD context, although its potential to deal with quantum information protocols in systems at finite temperature 34,35,36,37 . In quantum information the storage properties of qubits from quantum computers in comparison to bits from classical computers can be viewed as a result of a Hilbert space structure in quantum mechanics, that leads in the quantum computer case to strong processing results 38, 39 . In this sense, we can also explore the Hilbert state structure from TFD approach in order to trace some parallels with achievements from quantum information.
The no-cloning theorem was proved, in 1982, by Wooters and Zurek 40 and Dieks 41 to pure states, and then to mixed states by Barnum et al. 42 , in 1996 , and to entangled states by Koashi and Imoto 43 , in 1998 , leading to some other consequences as protocols of quantum cloning 44,45,46 and telecloning 47,48 . In this paper we discuss the relation between the no-cloning theorem and the doubling procedure used in the formalism of TFD. We also discuss how to apply the no-cloning theorem in the context of thermofield states defined in TFD. Consequences associated to states in H ⊗H, mixed states, von Neumann entropy and thermofield vacuum are also addressed.
In order to clarify notation and subject, in the next section we review some basic aspects of TFD approach.
Thermofield approach
Consider an operatorÂ acting on a Hilbert space H generated by Fock states |n . Its expectation value in a given ensemble is expressed by
whereρ is the density operator in the corresponding ensemble. In thermofield dynamics this expectation value is evaluated by means of the definition of a thermofield vacuum |0(β) , where β = 1/T is the inverse of temperature T (k B = = 1), giving the same result as statistical approach, i.e., 0(β)|Â|0(β) = T r(ρÂ).
As a consequence, the thermal vaccuum state |0(β) is associated to the density operatorρ. For this reason we need to describe it in a Hilbert space larger than the Hilbert space H generated by the Fock states |n . Then, the thermofield vacuum |0(β) is not a vector state in the Hilbert space H described by the Fock states |n , but a state in another enlarged Hilbert space H ⊗H, whereH is the Hilbert space conjugated to H. In fact, in order to describe |0(β) as a vector state, we need to double the degrees of freedom of the Hilbert space H by a formal procedure named tilde conjugation 10 , creating the space H ⊗H.
In order to construct the thermofield vacuum in the space H ⊗H, let us suppose we can describe |0(β) in terms of the Fock state basis |n and unknown vectors |c n ∈H by means of the following expansion
The next step is to find the form of the unkown vectors |c n such that the relation (3) turns out to be true. Consider the system described by a thermal equilibrium density matrix
where Z = T r(e −βĤ ) is the partition function and the energy spectrum E n of the hamiltonianĤ,Ĥ |n = E n |n .
Then the expectation value ofÂ in (2) can be written as
We can also write the same in terms of |0(β) by using equations (2), (3) and the assumption thatÂ does not act on |c n vectors,
Comparing equations (6) and (7), we find
Thus, by defining the Fock states |ñ ∈H a basis product can be given to H ⊗H and we can write |c n vectors as
The vector in equation (9) satisfy the conditions (2) and (3) and we can finally express the thermofield vacuum in terms of |n,ñ ∈ H ⊗H,
We can also have operators acting on |ñ ∈H. We distinguish them by putting a tilde on top of a capital letter, e.g.,Ã. In TFD, tilde conjugation rules 49 realize a mapping betweenÂ operators acting on |n andÃ acting on |ñ . These rules are summarized by
where the operatorsÂ andB act only in the Hilbert space spanned by |n , andÃ andB act only in the Hilbert space generated by |ñ , where z and w are complex numbers, z * and w * are their respective complex conjugated. In equation (14), + is for bosons and − is for fermions 27 . In equation (15) + means commutation for bosons and − is anticommutation for fermions 49 .
From the operatorsÂ andÃ it is possible to derive also other operators that will act on the total space H ⊗H. We can use a bar to distingish such operators, following notation similar to Ojima's 27 , and write generallȳ
where here we haveĀ as a function ofB 1 , ...,B n andC 1 , ...,C m . For instance, we could haveĀ
where z and w are complex numbers. Such structure of operators is in fact rigorous as a mathematical formulation of a thermal theory 50 and consequently we have a important relationship between thermofield vacuum and density operators to each given temperature
In the Liouville space H ⊗H given by TFD, the zero temperature vacuum state is given by |0,0 , whose corresponding density operator at zero temperature iŝ ρ 0 = |0 0|. By applying a Bogoliubov transformation e −iḠ on this vacuum state |0,0 , the thermofield vacuum is generated at a finite temperature T = β −1 ,
whereḠ is an unitary operator mixing |n ∈ H and |ñ ∈H by acting on the Hilbert space H ⊗H, similarlly to (16) and (17), but with a two-mode squeezing operator form 35 ,Ḡ
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where θ = θ(β) is a parameter related to a thermal distribution,â † andb † are creation operators acting on spaces H andH, andâ andb are annihilation operators acting on spaces H andH, respectively. In the case of a bosonic oscillator system, we have θ = tanh −1 (e −βω/2 ), related to a Bose-Einsten statistics, and for a fermionic oscillator system we have θ = tan −1 (e −βω/2 ), related to a Fermi-Dirac statistics. From Bogolioubov transformation (20), we can define at given finite temperature T = β −1 , thermofield operators from the creation and annihilation operators
These operators commute in the bosonic case and anti-commute in fermionic case.
We have the following properties to a given temperature
It follows thatā β andb β , given by equations (22) and (24), are annihilation operators to the thermofield vacuum and justify the term vacuum. On the other hand, a † β andb † β , given by equations (21) and (23), excite the thermofield vacuum generating excited thermofield states. Since the Bogoliubov transformation is canonical, the corresponding commutations for bosons or anticommutations for fermions are preserved 52 .
Although this discussion of TFD is restricted to the more simple formulation in terms of creation and annihilation operators 24 , an elaborate discussion could include more specific treatments as based on Schwinger operators 51 , gauge fields 27 , supersimmetry 32 or the approach on phase space 10 . These can be useful in more specific situations, as, for instance, spin 1/2 particles in a lattice 51 , Higgs mechanism 27 or in the approach to Wigner functions 10 . We also point out that, in more specific cases,Ḡ in the Bogoliubov transformation e −iḠ and the thermofield vacuum |0(β) can be more elaborate than (19) and (20) . Now, as a simple example in this discussion, consider a fermionic oscillator, described by the hamiltonianĤĤ
and the corresponding anticommutation relations
{â,â} = {b,b} = 0,
We can also defineH
This operator is hermiteanH =H † and gives the time evolution of an operatorÂ by means of a Liouville-von Neumann equation 51 . It also annihilates the thermofield vacuum at a given finite temperature
The space H ⊗H is generated, in this case, from the zero temperature vacuum and its excitations,
By applying the Bogolioubov transformation on the vacuum |0,0 we arrive at the following thermofield vacuum
From the normalization condition |0(β) , we derive the partition function Z = 1 + e −βω . We then define
Since the following relation is satisfied
we can also write
where
In this case, the thermofield vacuum can be written as
We can use this relation to calculate, for example, the mean value of the number operator
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which is the Fermi-Dirac distribution, where we have agreement with the statistical result as given in the equation (2) . We can also write 24
The equation (44) asserts that the fermionic thermofield vacuum is in the plane generated by |0,0 and |1,1 . In fact, the action of the Bogolioubov transformation on the vacuum excitations (33), (34), (35) and (36) is given by
and
It follows that the fermionic thermofield vacuum, eq. (44), is in the plane generated by |0,0 and |1,1 and it corresponds to a rotation of θ, relatively to |0,0 . On the other hand, the action of the Bogolioubov transfomation on (34) and (35) has no effect, being equivalent to an identity operator in the plane generated by |1,0 and |0,1 (see figure 1 ).
|1,1>
Θ |0,0> |0(Β)> Applying the thermofield operators (22) and (24) on (44), considering the inverse of the Bogolioubov transformation
we can show explicitly the thermofield vaccuum annihilations (25)
Similar calculations could be done to the case of a bosonic oscillator, case where the thermofield vacuum is expressed by
with mean value of the number operator leading to a Bose-Einstein distribution.
Thermofield vacuum and von Neumann entropy
It is also interesting to consider the relation among the thermofield vacuum |0(β) ∈ H⊗H, its associated density operatorρ acting on the space H and the von Neumann entropy S = S(ρ).
As we discussed in the last section, by means of a Bogoliubov transformation in the state |0,0 , a thermofield vacuum |0(β) is generated. This state is maximally entangled state in the space H⊗H 51 . As a consequence it is non-factorable and, for this reason, at finite temperature, the thermofield vacuum is always associated to a mixed state in H. The fact of |0(β) be related to a mixed state in H is an important feature to be considered. Indeed, superpositions in the space H have a different role from superpositions states in the space H ⊗H, because in this higher space the effect of non-separability will reflect in H the existence ofH. As an illustration, consider the following superposition state
where θ is given by (43) . The density matrix associated to (53) is given bŷ
We can calculate the von Neumann entropy for the state (53) by means of its associate density matrix (54)
This means that it is a pure state 53,54,55 . This could also be verified from a more simple relationρ
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On the other hand, the density matrix corresponding to the thermofield vacuum of the fermionic oscillator, eq. (44),
is associated to the density matrix
Then, if we calculate the von Neumann entropy for this state, we have
= βω e −βω
1 + e −βω + ln(1 + e −βω ).
This is a non-zero entropy and then the thermofield vacuum, a state in H ⊗H, is in fact associated to a mixed state in H. In a more general case, the thermofield vacuum is associated to the following von Neumann entropy
corresponding, at finite temperature, to a mixed state. When the temperature is zero, we have the pure case, where the thermofield vacuum is at zero temperature |0,0 and the entropy vanishes. In the extreme case where the temperature goes to infinity, the thermofield vacuum becames factorable |1,1 , but in this case the entropy is S(ρ) = ln(2) ≈ 0.69, the maximum value achieved by the entropy (see figure 2 ). Then, in the space H ⊗H generated in TFD, superpositions are associated to density matrices in the Hilbert space H. A non-factorable state in H ⊗H is associated to a mixed state in H. From quantum optics, it is known that two-mode squeezing operators lead to generation of an entangled state when acting in a twomode vacuum 55 . This is the case of the Bogoliubov transformation acting in the zero temperature vacuum |0,0 ∈ H ⊗H that leads to the thermofield vacuum |0(β) ∈ H ⊗H.
No-cloning theorem
Suppose a cloning machine in a state |A 0 and a state that we wish to clone, e.g., the state |n . Then, the cloning process can be represented by
where |A n is the final state of the machine and |n, n is the final state where now we have two states |n . In this process the Hilbert space generated by the Fock state |n is increased to a product space generated by |n, n .
According to quantum mechanics this quantum cloning operation must be linear and unitary. Thus, if the state to clone is the following superposition
where z, w = 0, then
where |A n and |A m are in general different states. If |A n = |A m , then emergent system state of the cloning state is in a entangled state given by
On the order hand, if |A n = |A m , then the emergent state is given by
Thus, in any case, the emergent state of the cloning machine never is a cloned state product given by (z|n + w|m ) (z|n + w|m ) ,
what proves the impossibility of a cloning machine. This result was proved in 1982 by Wooters and Zurek 40 and by Dieks in another way 41 .
No-cloning theorem in TFD
Now, we turn to the TFD procedure of doubling the degrees of freedom in the Hilbert space H. This procedure can be summarized by the following mapping
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This mapping works in this way: given a state |ψ ∈ H, a state |φ ∈H is created such that D T F D can be expressed by
There is no unique way of doubling the degrees of freedom of a Hilbert space (see figure 3 ). As such, we need to make a choice. Indeed, given states |ψ ∈ H, the doubling can be realized by means of a cloning procedure, where a cloning of |ψ is created in the tilde spaceH and called |ψ . This mapping is expressed by
In this case, D T F D is a cloning mapping and we can also write
On the other hand, we can consider states |φ ∈ H such that the doubling procedure works as a permutation, where states |ψ ∈ H are lead to states |φ ∈H and states |φ ∈ H are lead to states |ψ ∈H. This mapping can be expressed by
|φ → |φ |ψ .
In this case, the mapping works as a permutation. In a more general case, the states |ψ and |φ could match totally different states in the tilde spaceH, as |ξ and |χ , leading to
|φ → |φ |χ .
In terms of Fock states, the mapping (67) for a given state |n can be written as |n → |n,m . Let us consider the strict case of a cloning mapping (68), where Fock states are considered, such that from the state |n , we have
For this case, we have
Now, by considering a superposition state z|n + w|m ∈ H, this doubling mapping can be written as z|n + w|m ∈ H → (z|n + w|m ) (z|ñ + w|m ) ∈ H ⊗H.
or
The state z|ñ + w|m corresponds to a copy of z|n + w|m in the spaceH. The complex numbers z and w could go as complex conjugated in the tilde space, depending on our choice of the mapping. Let us first consider z and w real numbers. From the no-cloning theorem exposed in the last section, we figure out that the cloning procedure in (68) cannot be linear. In fact, if linearity is validy here, we have
It follows from (76) that
However, by comparing (76) and (80) we arrive at
This is only true in the case where |z| = 1 and |w| = 0 or |z| = 0 and |w| = 1 or both zero. If we had considered z * |ñ + w * |m instead of z|ñ + w|m , where z * and w * are complex conjugated of z and w, the last equation would be z|n,ñ + w|m,m = |z| 2 |n,ñ + |w| 2 |m,m + (w * z|m,ñ + z * w|n,m ) .
Again, this is only true in the case |z| = 1 and |w| = 0 or |z| = 0 and |w| = 1 or both zero. As a consequence D T F D in the cloning procedure form (68) cannot be a linear mapping. This leads to a more strong result: We cannot devise an experiment by means of linear operations that lead to a doubling procedure in TFD to an arbitrary state z|n + w|m .
As the states (z|n + w|m ) (z|ñ + w|m ) are factorable in H ⊗H and cannot result of a linear operation, we have as a particular consequence, they do not result from unitary evolution or any linear evolution. This can give us some route to deal with non-factorable states in H ⊗H corresponding to thermofield states associated to physical states in H. This result is of practical interest because a non-factorable state in H ⊗H acts as an entanglement between H andH, consequently cannot be associated to a pure state in H, but only to a mixed state in H.
However, the above result is not too much serious in the derivation of the thermofield vacuum. Indeed, a recipe to construct the thermofield vacuum is given by the following steps
The doubling procedure in (83) corresponds to the case |z| = 1, |w| = 0 and n = 0, where the equality (82) is true. In the step (83) we have a separable state in the space H ⊗H, i.e., we can distinguish |0 ∈ H and |0 ∈H. In the step (84), the state is not separable at finite temperatures and we cannot divide |0(β) ∈ H ⊗H in a part pertaining to the space H and other pertaining toH. In this sense, the thermofield vacuum is entangled in the space H ⊗H.
It is important to emphasize the differences between the spaces H⊗H and H⊗H. The space H ⊗ H corresponds to product space of two Hilbert spaces corresponding both to quantum physical systems. On the other hand, H ⊗H comes from the TFD procedure of doubling the freedom degrees in a Hilbert space H.
We can also discuss the no-cloning theorem in context of thermofield states in TFD. Excitations from the thermofield vacuum are also existing states in the Hilbert space H ⊗H. Let us consider the states
corresponding to the action of thermofield creation operatorsā † β , equation (21), andb † β , equation (23) , in the thermofield vacuum. If we consider again the case of a fermionic oscillator |0(β) = cos θ|0,0 + sin θ|1,1 ,
Then, the thermofield states (85) and (86) will be explicitly written as |1(β) = e −iḠâ † e iḠ cos θ|0,0 + sin θ|1,1 = e −iḠâ † cos 2 θ|0,0 − cos θ sin θ|1,1 + cos θ sin θ|1,1 + sin 2 θ|0,0
and |1(β) = e −iḠb † e iḠ cos θ|0,0 + sin θ|1,1 = e −iḠb † cos 2 θ|0,0 − cos θ sin θ|1,1 + cos θ sin θ|1,1 + sin 2 θ|0,0
Note that, in this simple case, the thermofield excitations |1(β) and |1(β) are factorable in H ⊗H, although the thermofield vacuum does not. On the other hand,
is a possible thermofield superposition state in H ⊗H and corresponds to a nonfactorable state. Other examples of superpositions can also come. For example, a combination of the thermofield vacuum and the excitation (85),
where we can impose normalization
If we can clone the state (91), the cloned state will appear as an state in the product space H ⊗H ⊗ H ⊗H and the resulting state will be
In this sense, the cloning procedure for thermofield states is a mapping from a twofold to a fourfold space, i.e.,
H ⊗H → H ⊗H ⊗ H ⊗H
Again, we can derive consequences of the no-cloning theorem. Let us call the cloning mapping in (94) by C T F D ,
such that
If this cloning is linear, it will happen
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However, this will imply
Compared to (96), (100) is a wrong relation except to the cases |u| = 1 and |v| = 0 or |u| = 0 and |v| = 1 or both zero. It results the cloning mapping C T F D is not linear. In fact, it cannot be antilinear (conjugate-linear) for the same reasons.
Although we have considered a specific superposition, as in the no-cloning theorem, the above result is also applied to a more general case. Consequently, the cloning mapping C T F D cannot result of an unitary evolution applied to a general thermofield state. For a bosonic case, for example the bosonic oscillator, the thermofield vacuum has a more complicated form and in general thermofield excitations are non-factorable. In any case, the no-cloning result keeps applying.
As the no-cloning theorem has an important role in the case of quantum information protocols, this result for TFD can also be important for quantum information protocols in this context.
Conclusion
Here we have discussed the no-cloning theorem in the approach of TFD. Given a Hilbert space H the no-cloning theorem imposes a restriction in the access to states in the Hilbert space H ⊗ H, leading to a physical restriction in the procedure of copying states. In the case of TFD, we discussed the no-cloning theorem in the procedure of doubling a Hilbert space H by means of the construction of a Hilbert space H ⊗H and its application to superpositions of thermofield states in TFD. By means of a doubling procedure using a cloning mapping it results that a doubling cannot be realized by means of a linear mapping. This leads to the more strong result that we cannot devise an experiment by means of linear operations that lead to a doubling procedure in TFD to an arbitrary state z|n + w|m . In the case of thermofield states, the cloning procedure for thermofield states is a mapping from a twofold space H ⊗H to a fourfold space H ⊗H ⊗ H ⊗H . In this case, it also results that the cloning mapping cannot be realized by means of linear or antilinear operations. In fact, an unitary evolution or any other linear mapping cannot lead to a cloning of an arbitrary superposition of thermofield states in TFD.
As no-cloning theorem has an important role in quantum information theory, the discussions here can motivate further studies of quantum information protocols 45,39,56 using the formalism of TFD 9,24,13,10 .
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